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Abstract

A hybrid method for the simulation of Reynolds-averaged turbulent ¯ows in axial ¯ow impeller driven mixing

vessels is described. The time-mean ¯ow in the impeller region is modelled using blade element theory, while the ¯ow in

the remainder of the vessel is simulated using a second-order ®nite-volume Reynolds-averaged numerical scheme. The

two models are iteratively coupled through boundary conditions and computation of the power dissipated in the mixing

vessel. This approach is computationally cheaper than alternatives that require the details of the ¯ow in the impeller

region to be resolved. Simulation results are compared to a detailed laser-Doppler examination of the ¯ow in a lab-

oratory vessel, and it is shown that the average absolute di�erence between simulated and measured velocities was of

the order of 1% of the impeller tip speed. In addition the power consumption was predicted to two-®gure accuracy.
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1. Introduction

Impeller-driven mixing vessels are used extensively throughout the process industries, but in
the absence of a simpli®ed understanding both of the global ¯ows in the tanks and in the impeller
region, design optimisation has been di�cult to achieve. Simulation of tank ¯ows is an alternative
to experimental studies and is particularly suited to ¯ow optimisation. However, simulation is
impeded by the fact that accurate representation of ¯ows in the impeller region is computationally
expensive, even if the ¯ows are treated as steady in both the impeller and tank sub-domains [5].

In response to these problems we have developed a hybrid simulation scheme for mixing tanks
driven by axial ¯ow impellers. The mean ¯ow in the impeller region is calculated using a blade
element approach [8] while the ¯ow in the tank is predicted using a ®nite-volume Reynolds-
averaged Navier±Stokes (RANS) simulation code. The two sets of calculations are coupled via
their respective boundary conditions in an iterative scheme. The operating point is set by
matching the estimated impeller shaft power to the estimated turbulent power dissipation in the
tank ¯uid. As a result of simplifying the treatment of ¯ows within the impeller region, the

www.elsevier.nl/locate/apm

Applied Mathematical Modelling 24 (2000) 795±805

* Corresponding author. Tel.: +61-3-9252-6330; fax: +61-3-9252-6240.

E-mail address: hugh.blackburn@dbce.csiro.au (H.M. Blackburn).

0307-904X/00/$ - see front matter Ó 2000 Elsevier Science Inc. All rights reserved.

PII: S 0 3 0 7 - 9 0 4 X ( 0 0 ) 0 0 0 1 9 - 6



requirements of the complete simulation are su�ciently modest that realistic solutions can be
obtained using workstation-level resources.

In earlier work [7], a blade element approach was also adopted for use with axial ¯ow im-
pellers. In that method, the impeller region was included in the computational domain, and blade
element theory was used to calculate momentum source terms for cells within the region. Our
technique uses a di�erent approach, in part because of a desire to support and augment a separate
strand of research that deals with simpli®ed blade element models for tank-impeller ¯ows with
non-Newtonian rheologies.

The computational technique described here has also been supported by a laboratory pro-
gramme of experimental measurements in mixing tanks in which the mean and standard deviation
velocity ®elds have been measured using laser-Doppler velocimetry (LDV). This has enabled us to
obtain extensive validation data and to supplement the computational model where required (e.g.,
for the estimation of turbulence properties on the impeller out¯ow).

2. Equipment

The mixing rig consisted of a 390 mm diameter circular cylindrical acrylic tank with a ¯at
bottom that was positioned within a square outer glass tank ®lled with water in order to minimise
optical distortion. Four vertical 12.5 mm wide, ¯at plate ba�es were sealed to the tank walls at
equal spacings around the periphery of the tank. A Lightnin A310 193 mm diameter 3-blade
stainless steel impeller was located on a 25 mm diameter shaft at the centre of the tank and
suspended from a frame located above the tank. The shaft penetrated the full depth of the tank,
which was ®lled with water to a depth of 400 mm and the mid-plane of the impeller was 120 mm
above the bottom of the tank, arranged so as to pump towards the bottom of the tank. With a
rotational speed of 300 rpm the Reynolds number Re � pND2=2m � 3� 106 where N is the ro-
tational frequency, D the impeller diameter and m the kinematic viscosity.

A sketch of the measurement system employed is shown in Fig. 1. An Ono±Soki torque
transducer was used to measure shaft torque and an opto-electronic speed detector was used to

Fig. 1. Layout of two-component LDV measurement system.
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measure rotational speed. Transducer signals were logged on a data-collection computer. A TSI
2D-LDV system with a GMFanuc-Robotics S-10 robot traversing system was used to obtain
measurements of mean and ¯uctuating velocity components in the axial, radial and azimuthal
directions at speci®ed locations within the tank.

3. Modelling

In this section we outline the theoretical and computational techniques used predict ¯ows in the
impeller and tank, and the coupling of the two models.

3.1. Blade element theory

The arbitrary-vortex axial ¯ow blade element theory we use has been previously described in
[3]; here the core equations are given without detailed derivation. A sketch of the impeller and the
velocity vector diagrams for an element of blade with chord c, at radius r, radial length dr are
shown in Fig. 2. It is assumed that radial ¯ows within the impeller volume are negligible.

3.1.1. Flow at each blade element
The velocities at blade inlet (denoted by subscript 1) and outlet (denoted by subscript 2) include

the absolute velocity V observed in the ®xed frame of reference, the relative velocity W observed
in the rotating frame of reference and the impeller velocity U � 2pNr. The lift and drag forces are
calculated using a mean relative velocity

Wm � �Va1 � Va2

2

� �2
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where Va1;2 are axial velocities and Vh1;2 are swirl velocities. The corresponding angle of the average
¯ow is given by
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Fig. 2. Geometric details of blade element.
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The lift and drag coe�cients, CL and CD respectively, are related to the lift and drag forces per
unit blade length (FL and FD) using the mean relative velocity Wm and the liquid density q

L � 1

2
qW 2

mCLcdr; D � 1

2
qW 2

mCDcdr: �3�

The dimensionless lift and drag characteristics of the blade sections employed were established in
a set of independent experiments as functions of the angle of attack c where

c � a� bm ÿ p=2 �4�
and a is the geometric angle of attack.

The total tangential force exerted by the blade section at radius r is

Y � Nb�FL cos bm � FD sin bm�; �5�
where Nb is the number of blades. Assuming that the integrated e�ect of the shear stresses on a
boundary of the control volume containing the blade element is negligible, the total tangential
force is equal to the rate of change of angular momentum

Y � q2prdr Va2Vh2� ÿ Va1Vh1�: �6�
Equating (5) and (6) and non-dimensionalising all parameters

�h2 � r
2 cos bm

�1� R�2
4

CL� � CD tan bm� � �h1; �7�

tan bm �
1=k� ��h1 � �h2�=2

�1� R�=2
; �8�

where �1;2 � Vh1;2=V a is a swirl coe�cient, r � cNb=2pr is the blade solidity, R � Va2=V a is an axial
velocity coe�cient and k � V a=U is a ¯ow coe�cient, all based on the bulk axial velocity
V a � 4Q=p�D2 ÿ d2�, where Q is the volume ¯ow rate through the impeller, D is the impeller
diameter and d is the hub diameter. The bulk axial velocity V a is assumed equal to Va1.

3.1.2. Flow through the whole impeller
In the simulations to be described here, impeller ¯ow radial velocities and �h1 (i.e., inlet swirl)

were assumed to be zero and R�r� (the radial distribution of impeller axial velocity) has been set
using an experimentally established pro®le, as shown in Fig. 3. Given the bulk axial velocity V a,

Fig. 3. Piecewise-linear impeller axial velocity distribution R�r�. The distribution was derived from typical experimental

measurements of axial velocity beneath the impeller.
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the functional relationships that describe CL�bm�, CD�bm�, together with (7) and (8) provide four
equations in the four unknowns CL, CD, �h2 and bm. At each radius, the equations are solved using
a ®xed point iteration scheme starting with an estimated value of bm. Typically less than 10 it-
erations are required in order to achieve satisfactory convergence for the elemental impeller ¯ows.

Descriptions of the impeller geometry, and curve ®ts to experimentally-derived values of lift
and drag coe�cients as functions of angle of attack for a typical blade section are maintained in
look-up tables for access by the subroutine that calculates the ¯ow through the impeller. The
geometric data are given at a small number of radial positions (typically eight). Given the bulk
axial ¯ow rate through the impeller, the outlet swirl velocities are calculated at each of the radial
positions and stored for interpolation onto the in¯ow boundary locations beneath the impeller in
the CFD simulation of ¯ow in the remainder of the tank. In this step it is assumed that the ¯ow in
the tank in the vicinity of the impeller is invariant in the azimuthal direction, i.e., that the in-
homogeneity caused by the presence of the ba�es has no localised e�ect on the ¯ow through
impeller.

3.2. CFD techniques

The tank ¯ows have been simulated using a commercial block-structured ®nite-volume RANS
solver, CFX-4.2 [1]. The block structure and a view of a typical quarter-tank computational mesh
are shown in Fig. 4. The geometry of the mesh was arranged to match the tank-impeller com-
bination used in the experiments. Periodic boundaries were employed on the azimuthal faces of
the tank quadrant.

Fig. 4. Details of four-ba�ed mixing tank mesh: (a) block structure for tank mesh, dimensional information supplied in

terms of tank radius; (b) associated 1/4-tank computational mesh, showing void region for impeller model; note the

geometric progression of mesh spacing employed in the azimuthal direction in order to increase resolution near the

ba�es.
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In the solver, the SIMPLEC iteration was used to implement the velocity±pressure coupling.
An investigation of the use of di�erent upwinding schemes and turbulence-model parameters for
this problem has been presented in [6]. Second-order approximations were used for all terms in the
discretised momentum equations including the advection terms, where the CCCT scheme [4,2]
was used.

It has been found that for this ¯ow a two-equation k±e turbulence model produces satisfactory
agreement with experimental results, probably because the presence of vertical ba�es present in
the mixing tanks acted to suppress strong swirl. A conventional wall-model treatment was em-
ployed to provide boundary conditions for the momentum equations at all solid surfaces, and a
stress-free condition was used to represent the free surface of the liquid in the tank. Out¯ow
boundary conditions were used above the impeller volume.

3.3. Rotor out¯ow turbulence characteristics

For the CFD simulation of ¯ow in the tank, the region below the impeller is treated as an inlet
boundary condition. While the impeller model allows the mean ¯ow velocity ®eld to be estimated
it is unable to provide turbulence kinetic energy k and energy dissipation rate e. It was found that
reasonable estimates for these quantities were required for accurate simulation of the tank ¯ows.

Through comparisons detailed in [6] it was established that an approximate estimate for the
turbulence kinetic energy beneath the impeller was given by

k � 1:5I2V
2

a; �9�
where I is the turbulence intensity of the axial ¯ow, with a typical measured value I � 0:3. This
estimate assumes the turbulence to be isotropic. More accurate representations of k were tested
but not found to signi®cantly improve predictions. The value of e at rotor out¯ow was estimated
via a mixing-length approximation as

e � k3=2=l; �10�
where a mixing length l � 0:4D was used; the results were not sensitive to this assumption.

3.4. Convergence investigations

In order to examine the convergence properties of the ¯ow simulation, tests were set up in
which the number of mesh points was varied and the estimate of the amount of power dissipated
in the tank was computed from the predictions of the turbulence model.

An integral estimate of the rate at which turbulence acts to convert mechanical energy to
thermal energy by viscous dissipation is

Pd �
Z

qedV ' 4q
XN

i�1

eiDVi ; �11�

where the integration is carried out over the tank volume and e is the estimate of the local energy
dissipation rate per unit mass in the CFD turbulence model. The discrete approximation uses the
localised estimate of dissipation rate and volume of each cell, while the factor 4 accounts for the
fact that the simulation represents a single quadrant of the complete tank volume. The additional
viscous dissipation due the the mean ¯ow shear rates was computed and found to be less than 1%
of that due to the turbulence.
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In the convergence evaluations, the ¯ow through the impeller region was set at a ®xed value,
and the power dissipation for the whole tank was approximated using (11). It was found that a
geometric progression in the mesh spacing in the azimuthal direction, as shown in Fig. 4b, gave
the most economical approximations, consistent with good resolution of ¯ow details near the
ba�es. In addition, localised geometric re®nements were used in the axial and radial directions
near the tank walls.

Tabulated estimates of the power dissipation are shown in Table 1, where the power dissipation
is given in dimensionless form

NP � Pd

qN 3D5
: �12�

It can be seen that the estimated power dissipation had converged to within 1% of the highest-
resolution (310 100-cell) value at the 127 160-cell resolution, which was chosen for the remainder
of the simulations. By way of visual comparison, the mesh shown in Fig. 4b corresponds to the
51 520-cell simulation.

3.5. Operating point

The operating point for the hybrid tank±impeller combination is set iteratively by adjusting the
¯ow rate Q until the estimate of the power input to the tank computed using the impeller model
matches the integral estimate of power dissipation in the tank computed from the turbulence
model. The volume ¯ow rate is obtained from the tank simulation by integrating the normal
velocity component over the impeller inlet boundary.

By equating the incremental rate of change of angular momentum to the incremental torque
exerted at each radial location, the maximum theoretical rise in total pressure head at radius r is

H�r� � q2pNr Vh2� ÿ Vh1�: �13�
The loss of pressure head due to blade drag is [3]

Hl�r� � 1

2
qV

2

aCD

r�1� R�2
4 cos3 bm

; �14�

and the blade e�ciency at each radius

g�r� � H�r� ÿ Hl�r�
H�r� �15�

accounts for power transferred to the ¯uid within the control volume for the impeller element due
to blade pro®le drag. The amount of power available to drive the tank ¯ow can then be estimated
from the blade element model as

Pi � Q

R D=2

d=2
gHRr drR D=2

d=2
Rr dr

: �16�

Table 1

Results of convergence study, showing power number NP as a function of the number of ®nite volumes in a 1/4-tank

mesh

No. of cells 12 360 51 420 119 000 127 160 189 440 310 100

NP 0.3051 0.3253 0.3373 0.3410 0.3425 0.3435
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The bulk performance characteristics of the impeller are calculated and stored in a pre-processing
step which provides a look-up table of predicted rotor power delivery Pi for a number of bulk ¯ow
rates Q. For a ®xed geometry and rotation rate N the operating point for the tank±impeller
combination is set by adjusting Q (hence H and g) in a ®xed-point iteration in order to equate Pi

and Pd. In this iteration it is assumed that the tank losses Pd are locally a cubic function of Q, as
appropriate for turbulent ¯ow. The setting of the operating point occurs every 100 iterations of
the CFD solution in the tank, forming a coupled iterative solution for the tank and rotor ¯ows.
This process continues until the operating point has converged. The assumed form of the tank
power consumption curve is unimportant except in in¯uencing the path taken through the con-
vergence process. The estimated dimensionless operating characteristic of the impeller and the
operating point obtained for the tank±impeller combination are shown in Fig. 5.

4. Results

4.1. Velocities

A comparison between experimental measurements of vertical-radial velocities and simulation
results on the azimuthal mid-plane of the tank is shown in Fig. 6. For the comparison, the
simulation results have been interpolated onto the same spatial locations as the experimental
measurements. The qualitative and quantitative agreement between the two data sets is good. The
general meridional ¯ow is reproduced well by the simulation, including the region of reversed ¯ow
near the outer wall at the top of the tank. The average absolute deviation between the magnitudes
of the in-plane velocities, normalised by the rotor tip speed, was 0.7%.

4.2. Operating point and power consumption

The predicted operating point for the impeller±tank combination, as shown in Fig. 5, was
NQ � 0:54, NP � 0:33. This compares very favourably with experimental measurements [9], which
gave NQ � 0:56, NP � 0:33 for the same impeller±tank combination. Isosurfaces of turbulent

Fig. 5. Plot showing the estimated power delivery characteristic of the impeller NPi as a function of the dimensionless

¯owrate NQ � Q=ND3. The operating point and the assumed form of the tank power consumption characteristic are

also shown.
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Fig. 7. Four isosurfaces of turbulent energy dissipation rate, e. The highest dissipation rates occur near the outer wall of

the tank, at elevations slightly less than that of the impeller.

Fig. 6. Plot showing a comparison of (a) measured and (b) computed velocity vectors on the azimuthal mid-plane of the

tank.
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energy dissipation, derived from the simulation, are shown in Fig. 7. The highest dissipation rates
occur in the boundary layer on the tank wall at elevations slightly below that of the impeller.

5. Discussion and conclusions

The hybrid simulation method described here has been shown to produce simulation results of
acceptable accuracy ± typical velocity predictions were found to agree with experimental
measurements to the order of 1% accuracy, as were power requirements. The method automat-
ically balances estimates of power input and dissipation to predict the operating point for the
impeller±tank combination. The technique allows rapid evaluation of alternative tank and rotor
con®gurations. In particular, the e�ect of changing impeller geometric parameters (other than
diameter), such as blade section and pitch, number of blades or blade chord, can be investigated
without requiring remeshing of the tank domain. The method could readily be extended to deal
with tanks with multiple axial ¯ow impellers.

The technique requires information concerning impeller geometry and the lift±drag charac-
teristics for the impeller blade section. Additionally, the radial distribution function of axial ve-
locity through the impeller R�r� must be nominated; in practice it has been found that
the generalised shape illustrated in Fig. 3 provides a reasonable estimate for a wide range of
impeller geometries. Finally, estimates of turbulence quantities k and e must be supplied for the
impeller out¯ow region, and guidelines for establishing appropriate values have been supplied in
Section 3.3.

The method predicts only the time-average ¯ow in the impeller±tank combination, and cannot
simulate large-scale transient e�ects that may potentially be important in studies of mixing.
However, since the model incorporates estimates for turbulence quantities, these can be used to
provide estimates of shear rates for use in simulation of chemical reaction kinetics, particle ag-
gregation/rupture etc., in process applications if desired.

The present hybrid approach is successful in part because of the well-developed theoretical
understanding of ¯ows through axial ¯ow impellers. A time-averaged formulation is implicit in
the present formulation of the hybrid scheme, both by adoption of RANS solution for the tank
¯ows and azimuthal averaging of the impeller ¯ows. It should be noted that the success of the
assumption that azimuthally-averaged ¯ow adequately represents the ¯ow in the impeller region
depends in part on the existence of a signi®cant distance between the impeller tip and the tank
ba�es. In the present geometry, this distance was 45% of the impeller diameter, and it appears
that the localised disruptions to the impeller ¯ows caused by the ba�es were comparatively
unimportant with respect to the overall ¯ow in the tank.
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